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Abstract
A topological space is called consonant if, on the set of all closed subsets of X, the co-compact
topology coincides with the upper Kuratowski topology. For a filter F on the set of natural numbers
ω, letXF = ω∪{∞} be the space for which all points in ω are isolated and the neighborhood system
of∞ is {A ∪ {∞}: A ∈ F}. We give a combinatorial characterization of the class Φ of all filters F
such that the spaceXF is consonant and all its compact subsets are finite. It is also shown that a filter
F belongs to Φ if and only if the space Cp(XF ) of real-valued continuous functions on XF with
the pointwise topology is hereditarily Baire. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries
For a topological space X, we consider two topologies on the hyperspace F(X) of all
closed subsets of X. The co-compact topology τco, generated by the family of all sets
of the form {F ∈ F(X): F ∩ K = ∅}, where K is an arbitrary compact subset of X,
and the upper Kuratowski topology τuk associated with the upper Kuratowski–Painlevé
convergence. Recall that a net (Fγ )γ∈Γ ⊂ F(X) upper Kuratowski–Painlevé converges to
F ∈ F(X) means that⋂{⋃
{Fγ : γ > α}: α ∈ Γ
}
⊂ F.
The space X is said to be consonant if the equality τuk = τco holds. The class of consonant
spaces was introduced and studied first by Dolecki, Greco and Lechicki [7]. Consonant
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spaces have, in a way, a “nice” structure of compact subsets; this is illustrated, for
example, by locally ˇCech-complete spaces and Hausdorff kω-spaces, which are known
to be consonant [14]. Here, we are interested in consonance of countable Hausdorff spaces
which have exactly one non-isolated point.
For a filter F on the set ω of natural numbers, let XF = ω ∪ {∞} be the space
topologized by isolating all points of ω and by using the family {A ∪ {∞}: A ∈ F} as
a neighborhood system of ∞. All filters considered in this note are supposed to be non-
principal. Notice that every countably infinite space with only one non-isolated point is
homeomorphic to a space XF for some filter F on ω. In the existing literature, one
encounters two types of filters F such that XF is consonant: countably generated ones
(in this case the space XF is completely metrizable) and the filters corresponding to the
countable Fréchet–Urysohn fan Sω . Let us note that the consonance of Sω is a useful tool
in consonance theory; see [14].
In a recent paper Arab and Calbrix in [1, Theorem 4.3] proved that, if F is P -point
of ω∗, then XF is consonant. We shall show that, conversely, if F is an ultrafilter and
XF is consonant, then F is a P -point of ω∗ (Proposition 2.3). By a well-known result of
Rudin, the Continuum Hypothesis implies the existence of P -points in ω∗, and by a result
of Shelah the existence of P -points in ω∗ in ZFC only is impossible. (For more details,
consult [9,13].) Consequently, it follows from Proposition 2.3 that, not only there exist
ultrafilters F on ω such that XF is not consonant, but it is usually always the case.
Recall that a subset A of a space X is said to be a P -set of X, if the intersection of
countably many neighborhoods ofA inX is again a neighborhood ofA inX. A point x ∈X
is a P -point of X if {x} is a P -set of X. Let βω denote the ˇCech–Stone compactification
of the discrete space ω and ω∗ = βω \ ω. For any filter F on ω, let A(F) be the (closed)
subset of ω∗ of all ultrafilters on ω finer than F . It is easy to check that A(F) is a P -set of
ω∗ if, and only if, for every sequence (An)n∈ω ⊆F there is A ∈F such that A⊆∗ An (that
isA\An is finite) for each n ∈ ω. Let us say thatF is a P -filter ifA(F) is a P -subset of ω∗.
In Section 2 a class Φ of filters, defined by a simple combinatorial condition, is
introduced and it is shown that Φ coincides with the class of all filters F on ω, for
which the space XF is consonant and all its compact subsets are finite. By using the
very definition of Φ , we show that Φ includes all P -points of ω∗ and is stable under
countable intersections (see Proposition 2.4, where a bit more is proved), which gives
another proof and an extension of the result of Arab and Calbrix cited above. Some other
stability theorems, which are not valid in consonance theory, are shown to be true in the
class of all spaces XF for F ∈Φ (see Proposition 2.5 and Corollary 2.2).
For a space Y , let Cp(Y ) denote the space of continuous real functions on Y with the
pointwise convergence topology. Tkachuk and Pytkeev have given characterizations of
spaces Y for which Cp(Y ) is a Baire space (see [15,17,18]). Nothing seems to have be
known about hereditary Baire property of Cp(Y ) until Gul’ko and Sokolov [10] proved
that, for an ultrafilter F , Cp(XF ) is hereditarily Baire if and only if F is a P -filter. In
Section 3, a connection is established between consonance of XF and the hereditary Baire
property of Cp(XF ). We prove that Cp(XF ) is hereditarily Baire if and only if the space
XF is consonant and all its compact subsets are finite, if and only if F is a P -filter and
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Cp(XF ) is a Baire space (see Theorem 3.1). SinceCp(XF ) is a Baire space for any ultrafil-
ter F (a result of Lutzer and McCoy [11, Theorem 5.1]), Theorem 3.1 completes the above
result of Gul’ko and Sokolov [10]. At the end, in Corollary 4.1, Theorem 3.1 is applied
to show that every filter F such that A(F) is P -set of cellularity less than the continuum
belongs to Φ .
Referring the reader to the papers cited in the references for more information on
consonance theory, in our note we rely exclusively on the following characterizations of
consonant spaces established respectively in [7,3]. Let us only mention that in Lemmas 1.1
and 1.2 below, compact spaces are not assumed to be Hausdorff.
Following [7], a non-empty collection H of open sets in a space X is called compact if
the following condition holds:
(i) if U ∈H and V ⊆X is an open set such that U ⊆ V , then V ∈H;
(ii) for every collection U of open sets in X such that ⋃U ∈H, there is a finite sub-
collection V ⊆ U such that ⋃V ∈H.
Lemma 1.1. Let X be a regular space. Then, the following conditions are equivalent:
(1) The space X is consonant.
(2) Every compact collectionH of open sets inX is trivial in the sens there is a compact
set K ⊆X so that V ∈H, for any open set V ⊆X satisfying K ⊆ V .
For a space X, let 2X denote the set of all non-empty closed subsets of X. Recall that
a set-valued map ϕ :Y → 2X , where Y is a topological space, is said to be lower semi-
continuous (briefly l.s.c.), if for every open set U ⊆X the set
ϕ−1(U)= {y ∈ Y : ϕ(y)∩U 6= ∅}
is open in Y .
Lemma 1.2. A regular space X is consonant if, and only if, for every l.s.c. set-valued map
ϕ :Y → 2X , where Y is compact, there is a compact set K ⊆X such that ϕ−1(K)= Y .
2. A class of filters
Let [ω]ω denote the set of all infinite subsets of ω. We denote by Φ the class of all filters
F on ω for which the following property holds:
For every sequence (An)n∈ω ⊆ F such that {0, . . . , n} ⊆An for each n ∈ ω, there is
I ∈ [ω]ω such that ⋂k∈I Ak ∈F .
For every (countable) collection U ⊆ [ω]ω, write limU to denote the set of n ∈ ω such
that n /∈ U only for finitely many U ∈ U . For a filter F on ω, the following conditions are
equivalent:
(i) F ∈Φ;
(ii) for every countable infinite collection U ⊆F such that limU ∈F , there is an infinite
V ⊆ U such that ⋂V ∈F .
30 A. Bouziad / Topology and its Applications 104 (2000) 27–38
Proposition 2.1. Compact subsets of XF are finite for every F ∈Φ .
Proof. Let A⊆ ω be an infinite set and let us show that there is B ∈ F such that A \ B
is infinite. For each n ∈ ω let in =min{k ∈ A: k > n} and An = {in}c. Then An ∈ F and
{0, . . . , n} ⊆ An, for every n ∈ ω. Hence, there is I ⊆ ω infinite such that the set B =⋂
k∈I An belongs to F . The subset {in: n ∈ I } of A is infinite and B ∩{in: n ∈ I } = ∅. 2
Proposition 2.2. Let F be a filter on ω. Then F ∈ Φ if, and only if, the space XF is
consonant and all compacts subsets of XF are finite.
Proof. If F ∈Φ then, by Proposition 2.1, all compacts subsets of XF are finite. Suppose
that XF is not consonant. Then, by Lemma 1.1, there is a compact nontrivial family
H of open sets in XF . For each n ∈ ω there is An ∈ F such that {0, . . . , n} ⊆ An and
An ∪ {∞} /∈ H. Let I ⊆ ω be an infinite set so that the set B =⋂k∈I Ak belongs to F .
Since H is a compact family, {0, . . . , l} ∪ B ∪ {∞} ∈H fore some l ∈ ω. Choose k ∈ I
so that {0, . . . , l} ⊆ Ak . Then, since B ⊆ Ak , compactness of H implies the contradiction
Ak ∪ {∞} ∈H.
Conversely, suppose that F /∈ Φ and let us show that XF is not consonant. Let
(An)n∈ω ⊆ F be a sequence satisfying {0, . . . , n} ⊆ An for every n ∈ ω, and suppose that
there is no I ∈ [ω]ω for which ⋂k∈I Ak ∈ F . We assume without loss of generality that
ω \ An is non-empty for each n ∈ ω, and so the set-valued map ϕ :XF0 → 2XF defined
by ϕ(n) = ω \An and ϕ(∞) = {∞}, is well defined. Here, the symbol F0 denotes the
Fréchet filter on ω, i.e., the filter of all cofinite subsets of ω. Since, for every A ∈F the set
{k ∈ ω: A⊆ Ak} is finite, ϕ is l.s.c. (at the point∞∈ XF0 ). The space XF0 is compact,
but there is no compact K ⊆ XF such that ϕ−1(K) = XF0 . Indeed, let K be a compact
subset of XF ; since K is finite, there is l ∈ ω so that K ⊆ {0, . . . , l} ∪ {∞}, in particular
ϕ(l)∩K = ∅. It follows from Lemma 1.2 that XF is not consonant. 2
Proposition 2.3. Let F be an ultrafilter on ω. Then the following conditions are
equivalent:
(1) F is a P -point of ω∗;
(2) F belongs to Φ;
(3) XF is consonant.
Proof. We have only to show that (1) ⇔ (2). To show that (1) ⇒ (2), let (An)n∈ω ⊆F
be so that {0, . . . , n} ⊆An for every n ∈ ω. Since F is a P -point of ω∗ there is A ∈F such
that A⊆∗ An for every n ∈ ω. Put B0 =A0, k0 = 0 and suppose that B0, . . . ,Bn and k0 <
k1 < · · ·< kn has been constructed. Then, choose an integer kn+1 > kn satisfying
n⋃
i=0
A \Bi ⊆ {0, . . . , kn+1}
and put Bn+1 = Akn+1 . Let I1, I2 be two infinite disjoint subsets of ω. Notice that A ⊆
Bn∪Bm for each n 6=m, hence A⊆ (⋂k∈I1 Bk)∪ (⋂k∈I2 Bk). Since F is an ultrafilter, for
some i ∈ {1,2} we have ⋂k∈Ii Bk ∈F .
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To show that (2) ⇒ (1), let (An)n∈ω ⊆ F be a decreasing sequence. Pick I ∈ [ω]ω so
that the set B =⋂k∈I {0, . . . , k} ∪Ak belongs to F . Then, for each n ∈ ω, if k ∈ I is such
that k > n, we have B \An ⊆ B \Ak ⊆ {0, . . . , k}. 2
To state the next result we borrow a small cardinal number from [2]. A familyD ⊆ [ω]ω
is called a groupwise dense family if it is open (that is, if I ∈ [ω]ω and J ∈D are such that
I ⊆∗ J then I ∈ D), and if for every family C of infinitely many pairwise disjoint finite
(non-empty) subsets of ω, the union of some subfamily of C is in D. Then
g=min{|D|: D is a set of groupwise dense families in [ω]ω with ⋂D= ∅}.
It is known that ℵ1 6 g (see [2] for more details concerning the cardinal g).
Proposition 2.4. Let κ < g. If (Fη)η<κ ⊆ Φ , then the filter F =⋂η<κ Fn belongs to Φ .
In particular, Φ is stable with respect to taking countable intersections.
Proof. Let (An)n∈ω ⊆F be a sequence so that {0, . . . , n} ⊆ An for each n ∈ ω. For every
η < κ let Dη be the set of all I ∈ [ω]ω such that ⋂n∈I An ∈ Fη. Let us verify that Dη is a
groupwise dense family; since κ < g, this will imply that
⋂
η<κ Dη 6= ∅. It is clear that Dη
is open. Let C = (Fn)n∈ω be a family of pairwise disjoint family of finite sets in ω. Pick
a subsequence (kn)n∈ω of the integers so that {0, . . . , n} ⊂⋂i∈Fkn Ai , and let J ∈ [ω]ω be
such that
⋂
n∈J Bn ∈Fη, where Bn =
⋂
i∈Fkn Ai . Then
⋃
n∈J Fkn ∈Dη. 2
It is proved in [1, Theorem 4.3], that XF is consonant for every P -point F of ω∗. The
following gives an extension of this result.
Corollary 2.1. Let F =⋂η<κ Fη, where κ < g andFη is a P -point of ω∗ for every η < κ .
Then XF is consonant.
Nogura and Shakhmatov constructed in [14] two filters F and G on ω such that the
spacesXF andXG are consonant, but the topological sum XF ⊕XG is not consonant. The
following result shows that the situation is rather different for filters from Φ .
Proposition 2.5. Let (Fλ)λ∈Λ be a family of filters in Φ . Then, the topological sum⊕
λ∈ΛXFλ is a consonant space.
Proof. By [14, Theorem 8.3], it suffices to show that, for every finite set I ⊆ Λ, the
topological sum
⊕
λ∈I XFλ is consonant. We prove only the case |I | = 2, the general
case is similar. So, let F1 and F2 be two filters in Φ and suppose that X =XF1 ⊕XF2 is
not consonant. Let K denote the set of (the two) non-isolated points of X. Then, by Lem-
ma 1.1, there is a nontrivial compact collectionH of open sets inX. For each n ∈ ω, choose
An ∈F1 and Bn ∈F2 so that {0, . . . , n} ⊆ An ∩ Bn and (An ⊕Bn) ∪K /∈H, and let I be
an infinite subset of ω so that
A=
⋂
i∈I
An ∈F1 and B =
⋂
n∈I
An ∈F2.
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Since H is a compact family, there is l ∈ ω such that [{0, . . . , l} ∪A] ⊕ [{0, . . . , l} ∪ B] ∪
K ∈H. Fix n ∈ I so that {0, . . . , l} ⊆An∩Bn . Then, sinceA⊆An and B ⊆ Bn, we obtain
the contradiction (An ⊕Bn)∪K ∈H. 2
It is proved in [4, Corollary 8] that if X1, . . . ,Xn is a finite sequence of regular spaces,
then the consonance of X1 ⊕ · · · ⊕Xn implies the consonance of X1 × · · · ×Xn. Hence
the following statement is a consequence of Proposition 2.5.
Corollary 2.2. Let F1, . . . ,Fn be a finite sequence in Φ . Then, the product space
XF1 × · · · ×XFn is a consonant space.
Remark 2.1. The proof of the implication (2) ⇒ (1) in Proposition 2.3 shows that, if
F ∈Φ , then F is a P -filter. The converse is not true. Let F1 be the filter of all subset of
density one in ω. It easy to see that A(F1) is P -set of ω∗ (see [19, Example 7.15]) and
all compact subsets of XF1 are finite. Moreover, F1 is a Borel subset of the Cantor space
{0,1}ω; hence, it follows from [1, Theorem 4.1] (see also Lemma 3.2 below) that XF1 is
not consonant.
3. Cp(XF ) and consonance of XF
A space is a Baire space provided that every countable intersection of dense open sets
is dense, and it is hereditarily Baire if all its closed subspaces are Baire. The main result
of this section shows that the space Cp(XF ) of real-valued continuous functions on XF
with the pointwise topology is hereditarily Baire if, and only if, F ∈ Φ . In the proof we
use Debs’ characterization of hereditarily Baire metrizable space in terms of the (strong)
Choquet game Γ . Recall that the game Γ in a space X is a two players (I and II) game of
length ω and is defined as follows: Player I begins and chooses a couple (V0, x0), where
V0 is an open subset of X and x0 ∈ V0; next, player II takes an open set U0 of X such that
x0 ∈ U0 ⊆ V0. At the nth step player I takes (Vn, xn), where Vn ⊆Un−1 is an open set of X
and xn ∈ Vn, then II takes an open set Un of X such that xn ∈ Un ⊆ Vn. The player I wins
the play if
⋂
n∈ω Un = ∅. By Debs result [5], a metrizable space X is hereditarily Baire
if, and only if, player I has no winning strategy in the game Γ in X. Besides the Choquet
game, we shall use the Banach–Mazur game which is similar to the Choquet game in every
things except that player I has only to take a non-empty open set Vn of X and player II
replies by choosing a non-empty open set Un ⊆ Vn ⊂ Un−1. It is well known that a space
X is a Baire space if, and only if, player I has no winning strategy in the Banach–Mazur
game (see [5]). It is easily seen that in the Choquet game and in the Banach–Mazur game,
if one of the players is restricted to choose his moves in a given base of X, then the new
game is equivalent to the corresponding old one. This fact will be used without further
comment.
In what follows, when a filter F on ω is considered as a topological space, the topology
in question is the one induced by the Cantor space {0,1}ω. We will use the standard
fact that the subspace F of {0,1}ω is homeomorphic to a closed subspace of Cp(XF ).
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Consequently, if Cp(XF ) is hereditarily Baire, then so is F . Let us also point out that the
combinatorial criterion of Baireness of Cp(XF ) given in [11, Theorem 5.1] is precisely
the one given in [6, Lemma 2.3] to characterize Baireness of F ; thus Cp(XF ) is a Baire
space if, and only if, F is a Baire space.
For a finite subset F of ω andA⊆ ω we use the symbol 〈F,A〉 to denote the set {B ⊆ ω:
F ∩A= F ∩B}. Recall that the collection of all sets of the form 〈F,A〉, F finite, is base
of the Cantor space {0,1}ω.
Proposition 3.1. Let F be a filter on ω and suppose that F (as a subspace of {0,1}ω) is
hereditarily Baire. Then F ∈Φ .
Proof. Let (An)n∈ω ⊆ F be such that {0, . . . , n} ⊆ An for each n ∈ ω. We are going to
construct a subsequence (kn)n∈ω of the integers and a strategy σ for player I in the game
Γ in the space F , so that the nth move of I is of the form (Vn,Akn ∩ Akn−1 ∩ · · · ∩ Ak0).
Put k0 = 0, G0 = {0} and σ(∅) = (〈G0,A0〉,A0). Suppose that the strategy σ has been
defined up to the nth move and k0, . . . , kn has been constructed. Let Un be the last move
of player II. Since Akn ∩Akn−1 ∩ · · · ∩Ak0 ∈Un, pick a finite set Fn ⊆ ω so that
〈Fn,Akn ∩Akn−1 ∩ · · · ∩Ak0〉 ⊆Un,
and a natural number kn+1 > kn such that Fn ⊆Akn+1 ; and let
Gn+1 = Fn ∪ {0, . . . , n+ 1}
and
Bn+1 =Akn+1 ∩Akn ∩ · · · ∩Ak0 .
Define σ(U0, . . . ,Un) = (〈Gn+1,Bn+1〉,Bn+1). Since Fn ⊆ Akn+1 and Fn ⊆ Gn+1, it
follows that σ(Un)⊆Un. This finishes the inductive construction of σ and (Akn)n∈ω .
Since F is hereditarily Baire, player II has a winning game against σ , say (Un)n∈ω . Let
A ∈ F be such that A ∈⋂n∈ω Un. We claim that A ⊆⋂n∈ω Akn . Indeed, let x ∈ A and
suppose that x ∈ Ackl for some l ∈ ω. Let n >max{x, kl}; then x ∈Gn and x /∈ Bn. Since
A ∈ 〈Gn,Bn〉 we obtain the contradiction x /∈A. 2
Gul’ko and Sokolov [10] have proved that an ultrafilter F is a P -point of ω∗ if and only
if Cp(XF ) is hereditarily Baire. Therefore, by Proposition 2.3, the converse of Proposi-
tion 3.1 holds if F is an ultrafilter. Following some ideas from [10], we shall show that this
converse is true for any filter.
Lemma 3.1. Let F ∈ Φ . Given infinite collections U0,U1, . . . of sets in F such that,
for some B ∈ F , B ⊆ limUn for every n ∈ ω, it is possible to choose An ∈ Un so that⋂
n∈ω An ∈F .
Proof. Write Un = {Akn: k ∈ ω} and let x0 < x1 < · · · be an enumeration of B . We suppose
without loss of generality that {x0, x1, . . . , xn} ⊆ Akn for every k,n ∈ ω. (If necessary,
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for each n ∈ ω fix kn so that {x0, . . . , xn} ⊆ Akn for every n ∈ ω and k > kn, and take
{Akn: k > kn} in place of Un.) For every n ∈ ω, let
Bn =
n⋂
i=0
An−ii .
Then B ⊆ limn Bn. Indeed, let k ∈ ω; for each n < k choose some ik so that xk ∈ Ain for
every i > ik and let l =max{k, in0 + n0}, where in0 =max{i0, . . . , ik−1}; then xk ∈ Bm for
every m> l.
Now, since F ∈Φ , there is an increasing sequence (kn)n∈ω ⊆ ω such that ⋂n∈ω Bkn ∈
F , which implies that ⋂n∈ω Akn−nn ∈F . 2
The following is needed in the proof of the more general Proposition 3.2.
Lemma 3.2. If F ∈Φ , then Cp(XF ) is a Baire space.
Proof. Suppose that Cp(XF ) is not a Baire space. According to [11, Theorem 5.1]
there is a sequence (Vn)n∈ω of infinite collection of finite disjoint sets in ω, such that
ω \⋃n∈ω Fn /∈ F for any choice of Fn ∈ Vn. Write Un = {Fc: F ∈ Vn}; then ω = limUn
for every n ∈ ω. By Lemma 3.1, for each n ∈ ω there is Fn ∈ Un such that ω\⋃n∈ω Fn ∈F ,
which contradicts the choice of (Vn)n∈ω . 2
In their paper [10], Gul’ko and Sokolov introduce a game∆ in the space XF which can
be defined as follows: Player I begins and chooses a set A0 ∈F , then player II takes a finite
set F0 ⊆ A0; at the nth steep, player I chooses a set An ∈ F disjoint from Fn−1 such that
An ⊆An−1 and then player II replies by taking a finite set Fn ⊆An. Player II wins the play
if
⋃
n∈ω Fn ∈ F . In fact, this is a slightly modified presentation of Gul’ko and Solokov’s
game: The original definition of∆ in [10] asks that Acn /∈F ; but, since only ultrafilters was
considered there, this means that An ∈F . Since the filters considered here are not assumed
to be ultrafilters, we adopt the above description of ∆. The following fact is proved in [10]
(Lemma 1 and the implication (5)⇒ (6) in the main result), when F is an ultrafilter; but
the proof given there works for any filter without any changes in the arguments.
Lemma 3.3. Let F be a filter on ω. If player I has a winning strategy in the game Γ in
Cp(XF ), then player I has winning strategy in the game ∆ in XF .
Now, we are ready to state the converse of Proposition 3.1.
Proposition 3.2. Let F be a filter on ω. If F ∈Φ , then Cp(XF ) is hereditarily Baire (thus
F is hereditarily Baire).
Proof. By Debs result mentioned above and Lemma 3.3, it suffices to prove that player I
has no winning strategy for the game ∆. Suppose that this is not true, and let σ be such
a strategy. We are going to define a winning strategy τ for player I in the Banach–Mazur
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game on the subspace F of {0,1}ω. This will imply that F is not a Baire space and then
Cp(XF ) is not a Baire space (see the comment preceding Proposition 3.1). Next, in order
to finish the proof, it suffices to apply Lemma 3.2 to get a contradiction.
Every move (except σ(∅)) of player I, following the strategy σ , depends on some finite
subset of ω previously chosen by player II, so the familyA of all these moves is countable.
Since F is a P -filter (see Remark 2.1), there is a set B ∈ F such that B ⊆∗ A for each
A ∈ A. For sake of simplicity, without loss of generality, we suppose that σ(∅) = ω and
B = ω and so all moves of player I in the game ∆ following σ are cofinite. Every play
compatible with the strategy τ (that we are going to define) will produce another play
compatible with σ .
Put m0 = 0 and let n0 ∈ ω be such that {n0, . . .} ⊆ σ(∅) and define
τ (∅)= 〈{0, . . . , n0}, {n0, . . .}〉
(where {n0, . . .} denotes the set {n ∈ ω: n > n0}). Suppose that (in the Banach–Mazur
game) player II takes U0 = 〈F0,B0〉 ⊆ τ (∅), where B0 ∈ F . Fix an integer m1 >
max{1, n0} such that F0 ⊆ {0, . . . ,m1}, an integer n1 such that {n1, . . .} ⊆ σ({n0, . . . ,m1},
and define
τ (U0)=
〈{0, . . . , n1}, {n1, . . .} ∪B0 ∩ F0〉.
Notice that m0 < n0 6m1 < n1, thus τ (U0) is a legal move of player I, i.e., τ (U0)⊂ U0.
Now, suppose τ has been defined up to the kth steep and m0 < n0 6 m1 < n1 6 · · · <
nk−1 6 mk−1 has been constructed. Let Uk = 〈Fk,Bk〉 be the least move of player II in
the Banach–Mazur game, where Bk ∈ F . Choose an integer mk > max{k,nk−1} so that
Fk ⊆ {0, . . . ,mk}, an integer nk satisfying {nk, . . .} ⊆ σ({n0, . . . ,m1}, . . . , {nk−1, . . . ,mk})
and define
τ (U1,U2, . . . ,Uk)=
〈{0, . . . , nk}, {nk, . . .} ∪Bk ∩Fk 〉.
The inductive construction of τ is finished.
Suppose that τ is not a winning strategy for player I, and let (Un)n∈ω be a winning
play for player II against τ . Let C ∈ F be such that C ∈⋂n∈ω〈Fn,Bn〉. We claim that
C ⊆⋃k∈ω{nk, . . . ,mk+1}, where (nk)k∈ω and (mk)k∈ω are the sequences produced by
the play (Un)n∈ω; this will imply that player I lost the corresponding play in the game ∆
following his (supposed winning) strategy σ , because ({nk, . . . ,mk+1})k∈ω is a play for
player II compatible with σ .
Let x ∈C and fix k ∈ ω such that nk−1 6 x < nk (note that n0 6 x since C ∈ τ (∅)); then
x ∈C ∩ {0, . . . , nk} =
({nk, . . .} ∪Bk ∩Fk)∩ {0, . . . , nk} ⊆ {nk} ∪ {0, . . . ,mk},
which implies that x ∈ {nk−1, . . . ,mk} or x ∈ {nk, . . . ,mk+1}. 2
The following statement gives an overall picture of the main results of this note, except
the well-known equivalence between (2) and (3).
Theorem 3.1. Let F be a filter on ω endowed with the subspace topology of the Cantor
set {0,1}ω. Then the following are equivalent:
(1) XF is consonant and all its compact subsets are finite;
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(2) F is a P -filter and Cp(XF ) is a Baire space;
(3) F is a P -filter and F is a Baire space;
(4) Cp(XF ) is hereditarily Baire;
(5) F is hereditarily Baire;
(6) F ∈Φ .
Note. The proof of Proposition 3.2 presented here is a slight modification of the reasoning
from [10] (the proof of the implication (6) ⇒ (1) in the main result). Since the filter F
considered here is not assumed to be an ultrafilter, we had to replace this assumption by
Baireness of Cp(XF ) given by Lemma 3.2.
4. An attempt to get a ZFC example
It would have been nice, if this note had ended by a ZFC example of a filter in Φ . To
make obtaining such filters possibly easier in the future, we finish this note by a discussion.
For a subset Y of a space X, let rc(Y,X) denote the relative cellularity of Y in X; that
is the smallest cardinal number m> ℵ0 such that any family O of pairwise disjoint non-
empty open subsets of X, such that O ∩ Y 6= ∅ for every O ∈ O, has cardinality 6 m.
Notice that rc(Y,X) 6 c(Z), for every subspace Z of X such that Y ⊆ Z, where c(Z) is
the (usual) cellularity of Z.
If I ∈ [ω]ω, let I∗ be the set of all ultrafilters F on ω such that I ∈ F . Finally, if Y is
a subset of ω∗, we use the symbol F(Y ) to denote the filter on ω obtained by taking the
intersection of all ultrafilters in Y .
Proposition 4.1. Let Y be a non-empty subset of ω∗ such that rc(Y,ω∗) < c (the
cardinality of the continuum). Then Cp(XF(Y )) is a Baire space.
Proof. It suffices to show that the subspace F(Y ) of {0,1}ω is a Baire space. Let (Fn)n∈ω
be a partition of ω by finite sets and let us show that there is I ∈ [ω]ω such that
ω \
⋃
n∈I
Fn ∈F(Y );
this will imply, by a theorem of Talagrand [16, Theorem 21], that F(Y ) is Baire. Let I ⊆
[ω]ω be an almost disjoint family of cardinality c and suppose that ω \⋃n∈I Fn /∈ F(Y )
for every I ∈ I . Then, the intersection of Y with any set in
O =
{(⋃
n∈I
Fn
)∗
: I ∈ I
}
is non-empty; butO is a collection of disjoint non-empty open subsets of ω∗, of cardinality
c, contradicting the fact that rc(Y,ω∗) < c. 2
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The next result is a consequence of Theorem 3.1 and Proposition 4.1.
Corollary 4.1. For every closed P -set Y of ω∗ such that rc(Y,ω∗) < c, the filter F(Y )
belongs to Φ .
In particular, for every closed non-empty ccc P -set Y of ω∗, the filter F(Y ) is in Φ .
Is it enough to conclude that Φ is honestly non-empty? Unfortunately, like P -points, it is
known that there is a model of set theory where there is no closed ccc P -set of ω∗ (see [9]).
Question 4.1. Is there (in ZFC) a closed P -set of ω∗ of relative cellularity in ω∗ less
than c?
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